A Derivation of the Number of Different
Positions of the Fully-Colored M agic120Cel|

By David Smith

1. Introduction

Magic120Cell is a computer simulation of a 4-dimenal permutation puzzle created by Roice

Nelson! It can be thought of as the 4D version of the Meipx (a puzzle similar to the Rubik's Cube
in the shape of a dodecahedron) because it is loastiet 120-cell, one of the six regular polychora,

which has 120 dodecahedral faéeBhis paper will derive an upper bound for the bemof legally
obtainable positions of the fully-colored versidritee program, in which each face is a differerioco
Thanks to a set of eight algorithms found colleslinby Roice Nelson and Matthew Galla, this number
has now been verified to be the exact count ohtimaber of different positions, and the author ig/ve
much indebted to them for their efforts. A linkthe algorithms is provided at the end of this pape
Only basic knowledge of group theory, combinatgriRgbik's Cube notation, and the concept of higher
dimensions is required by the reader. For momimétion on the 120-cell and Magic120Cell, please
see the references below.

2. Explanation

In this section we will explain how the upper bowmaks derived. Along the way, it will be shown how
the algorithms found by Roice Nelson and MattheWaGsstablish that the upper bound is indeed an
exact count.

Here is the number of positions:

600! 1200! 720! 2% %% 12°%
2 2 2 2 2 3

The exact value was computed using the free complgebra system Yacasiere it is in its full glory:
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or approximately 2.3 x £8°® What a number!

Now for the explanation. First of all, Magic1200®hs 120 1-colored immobile center pieces. Ib als
has 720 2-colored pieces, because each dodecafagraiontains 12 2-colored pieces and each piece
lies in two faces, giving (1202)/2 = 720. Similarly, there are 1200 3-coloréztps and 600 4-colored
pieces. Note that because the 1-colored piecamarnebile, we can calculate the number of positions
by counting the number of ways each other typaedgcan be permuted and oriented around them.

We now consider what takes place when we rotatelachhedral face 72 degrees about a line
connecting the midpoints of two opposite pentagfeads. Note that we never need to consider other
types of rotations because any possible configamatan be reached from the solved state by usilyg on
the 72 degree face rotations mentioned aboveudh a rotation, we observe that there are two Tesyc
of the 2-colored pieces, six 5-cycles of the 3-padigpieces, and four 5-cycles of the 4-coloredgsec
Since 5-cycles are even permutations, all pernutatof each type of piece, and also for the fas@iet
each type of piece, are even.

Therefore, the 720 2-colored pieces can be permuatéa0!/2 ways, dividing by two beacuse of the
even parity. Similarly, the 3-colored pieces artbibred pieces can be permuted 1200!/2 and 600!/2
ways, respectively. Multiplying these three countgether, we obtain an upper bound for the nuraber
ways the pieces of Magic120Cell can be permutedowitregards to orientation:

600! 1200! 720!
2 2 2

Roice Nelson has found three algorithms which sti@vevery permutation described above is actually
reachable in Magic120Cell. The first performsrayk 3-cycle of the 2-colored pieces, but disregard
preserving the state of the 3-colored and 4-colpredes. The second algorithm performs a single
3-cycle of the 3-colored pieces, while preservimg $tate of the 2-colored pieces but not the sffatse
4-colored pieces. The final algorithm performsmagle 3-cycle of the 4-colored pieces without afiieg
any other pieces. It can be seen that these #lgeathms, when applied in the order listed ab@as
produce any permutation of pieces in which thetparfi each type of piece is necessarily even.

Now for the orientations. Since the facelets alsdango even permutations, all orientations will be
limited to even permutations of facelets.

Therefore the first 719 2-colored pieces can bented in 2 ways each, but the last will be deteechin
by the others because of the even parity. Thidtsesu

2720

2

ways of orienting the 2-colored pieces. Mattheviaaas provided an algorithm which flips the
orientation of two 2-colored pieces without affagtiany other pieces, thus proving that any orierat
of the 2-colored pieces which is of even parity barachieved.

For the 3-colored and 4-colored pieces, | followkx$ely the methods of T. R. Keane and H. J. Kamack
in their paper, "The Rubik Tesseratthodifying their arguments as necessary to apggtto



Magic120Cell.

Any 3-colored piece can be oriented in 6 diffeneays. (not three, because in four dimensions we can
reflect 3-colored pieces as well as twist them!ljitdothat a twist (a 3-cycle of the facelets ort fiiace)

is an even permutation, while a reflection (a 2leyf two of the facelets on that piece) is an odd
permutation. Since the total parity of all of the@ored pieces must be even, the first 1199 3redlo
pieces can be oriented in 6 ways each, while steckn be oriented in only 3. (If the first 1199
3-colored pieces total to an even permutation|ase3-colored piece must be one of the 3 evertgwis
while if they total to an odd permutation, the lastolored piece must be one of the 3 odd reflastjo
This gives a total of

61200
2

ways of orienting the 3-colored pieces. Two aldwns have been found by Matthew Galla which show
that this count is exact. One of them twists orm®I8red piece without affecting any of the othewsd
the other reflects two 3-colored pieces withoueetihg any others.

Finally, the toughest part. The orientation of #heolored pieces required a generalization of tioeigy
theory based solution for the corners of theube discovered by Keane and Kamack to Magic120Cel

In their paper, Keane and Kamack first describéttiere are 24 permutations of the facelets of a
4-colored piece, comprising thg @oup (The symmetric group on four letters.) Thiegcribe

orientations using cycle notation of the four fatg| labeled a, b, c, and d.

The 24 different orientations can be broken dowo faur crosses, (ab)(cd), (ac)(bd), (ad)(bc), e
identity; eight 3-cycles, called twists; six 2-ays] and six 4-cycles. However, for corner piecea o

cube of any dimension, only even permutations efféltelets can occur, because the odd permutations
are mirror images. Thus, 2-cycles and 4-cycles aoccur because they are odd permutations.

Hence, each 4-colored piece can only be orientd@ ways. The even permutations are all possible,
and form the alternating group,Aeane and Kamack continue by observing that theses are a

normal subgroup of the alternating group they KallSo,

N ={l, (ab)(cd), (ac)(bd), (ad)(bc)}

The cosets of N consist of the twists, which thaly  and Z:
S = {(abc), (adb), (acd), (bdc)}

Z = {(ach), (abd), (adc), (bcd)}

They then note that the sets N, S, and Z form thegient-group of Aby N, in which N acts as the
identity:

A4_
W_{Nislz}

We can then see that the group multiplication tadle



From this table, we can see that this quotientqglieusomorphic to the group of residue classeg 810
This means that we can assign the number 0 toe\hdmber 1 to S, and the number -1 to Z, and adding
these numbers mod 3 is the same as taking the gsdiielements of these three subgroups.

Notice that this entire argument applies equallyl teeMagic120Cell as to the tesseract. Now the/onl
thing left to show is that the sum of the oriertasi of the 4-colored pieces (counting O for anra&agon
in N, etc.) mod 3 is always the same, whethereéadisseract or Magic120Cell.

The orientations can be defined by assigning, ¢ dacolored piece, a letter to each facelet ant ea
position of each facelet. Then each orientationbmdescribed by a 4-letter string (e.g. ABCD)treéa
to the position it is occupying.

When pieces or cubies rotate in a cycle, theirléase@indergo n disjoint cycles if they have n fatel
In the tesseract, every corner rotation boils dtaiour 4-cycles of facelets for each cycle of four
cubies. In Magic120Cell, it is the same excefs four 5-cycles. If we can show that in cyclesny
length, the sum of the orientations of the pieces @1 does not change, we will have proved this for
both the tesseract and Magic120Cell.

Consider a 2-cycle of 4-colored pieces:

ABCD 1
ABCD 2

Each row represents a 4-colored piece. The 2-syfléacelets are vertical in direction. For ex#&np

ABCD 1
CDAB 2

This means that facelet A on piece 1 goes wheedda€ on piece 2 was, etc. In this example, plece
performed an N-twist. Now notice that since wedealing with cycles, the facelets of piece 2 must
return to the original positions of the faceletpi@fce 1. Therefore, piece 2 also performed awiksitt

It can be checked that if piece 1 performs a Zitwpice 2 performs an S-twist, and if piece 1 qrenk
an S-twist, piece 2 performs a Z-twist. Thereftine,sum of the values mod 3 does not change, and
equals zero.

Now we simply note that a cycle of pieces of amgté can always be expressed as a product of
2-cycles, implying that the sum of the orientati@ues mod 3 equals zero regardless of the lerfgth o
the cycles involved. It follows that this is trfgr the corners of the*Zube as a special case. Since an
N-twist is O, we can have an isolated N-twist withaffecting any other pieces. The value S - Z must
therefore be congruent to zero, mod 3.

This means that the first 599 4-colored piecesezant be in any of 12 orientations. If the value of



orientations up to that point is 0, the remainiadue must be an N-twist. If it is 1, the remainiuadue
must be a Z-twist, and if it is -1, the remainirgjue must be an S-twist. In each case there are fou
possible orientations left for the last 4-coloréecp. Therefore, the upper bound for the orientatiof
the 4-colored pieces is

19800
3

In order to show that this value is exact, algonshare needed which show that any N-twist can be
performed without affecting the rest of the pie@g] that any Z-twist can be performed along with a
S-twist without affecting any other pieces. Matth®alla has found two algorithms which do just that
The first is an N-twist of the form (ab)(cd). Ndtet this twist can represent any of the three
non-identity N-twists by means of symmetry: We sanply relabel the facelets we are dealing with,
since all of the non-identity N-twists are essdlytiaf the same form.

The second algorithm is a Z-twist and S-twist jphithe form (abc)(acb). Call this move A, and the
N-twist (ab)(cd) B. It can be seen that by comiogA and B, we can generate all possible pairs of
S-twists and Z-twists, and thus all of the orieota of the 4-colored pieces that can be produced i
Magic120Cell are contained in my count above. (Sé&& Rubik Tesseract”, Appendix A, for a
complete description of exactly how this is acheye

When we multiply these orientation counts with ¢ime found for permutations, we arrive at the number
listed above for the number of different positiafishe fully-colored Magic120Cell.

The author would like to thank Roice Nelson andthaw Galla for contributing the necessary
algorithms to verify my upper bound to be an exacint. Also, he would like to thank Roice Nelson

with the deepest gratitude for creating Magic12Q®@etich without, he would have never had the
inspiration to perform this calculation.

3. Algorithms

Here is a link to the algorithms discovered by Rdielson and Matthew Galla, ready to be loaded into
Magic120Cell. To view the algorithms, you can tleeUndo and Redo commands, or the Solve
command to view them in reverse.

www.gravitation3d.com/david/M120C_algs.rar
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